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INFINITY ALGEBRAS, MASSEY PRODUCTS, AND
DEFORMATIONS
MICHAEL PENKAVA AND LYNELLE WELDON
1. Introduction
The notion of a Massey F-product was introduced in [4] in order to give a unified
description of various deformation problems in terms of an extension of the usual
Massey product. The usual Massey product which arises in algebra deformation
theory describes the conditions under which an infinitesimal deformation can be
prolonged to a higher order or formal deformation. The Massey F-product was
introduced in order to solve some more general deformation problems. Associated
to each Massey F-product is a Z2-graded coalgebra, which depends on the problem
being described. In this paper we consider some examples which arise in connection
with the problem of deforming A∞ and L∞ algebras, as well as the more restricted
problem of deforming associative algebras into A∞ algebras and Lie algebras into
L∞ algebras. The general example of deforming A∞ and L∞ algebras turns out
to give the same coalgebra structure as arises in the problem of prolonging an
infinitesimal deformation of a Z2-graded Lie algebra into a higher order deformation.
The restricted problem yields a more interesting coalgebra structure, which we will
describe here.
We also consider deformations of A∞ and L∞ algebras with a base given by a
Z2-graded commutative algebra, and prove an extension of a theorem in [4], that
deformations of Lie algebras with a base are determined by triviality of Massey
F-products.
In order to make the reading of this paper more self-contained, we include defi-
nitions of A∞ and L∞ algebras. A∞ algebras were first introduced by J. Stasheff
in [16, 17], while the notion of an L∞ algebra first appeared in [14]. Our defini-
tions are based on the exposition in [13], but the articles [10, 9, 12, 5] contain an
introduction to infinity algebras as well.
2. Notation
In the following we shall be considering vector spaces graded by some group
equipped with a Z2-valued inner product. For any graded vector space V , define
maps S : V
⊗
V → V
⊗
V and C : V
⊗
V
⊗
V → V
⊗
V
⊗
V by S(u ⊗ v) =
(−1)uv(v⊗u) and C(u⊗v⊗w) = (−1)u(v+w)v⊗w⊗u, where we adopt the convention
that expressions like (−1)uv stand for the sign determined by the inner product of
the gradings of u and v. These signs appear, for example, when considering tensor
products of mappings from graded spaces.
A graded coassociative coalgebra is a graded vector space V equipped with a
degree zero mapping (comultiplication) ∆ : V → V
⊗
V satisfying (1 ⊗∆) ◦∆ =
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(∆⊗1)◦∆. It is cocommutative if S◦∆ = ∆. In what follows, we shall consider Z2-
graded vector spaces, but everything said applies to the Z-graded case as well. If V
is a Z2-graded vector space, then the tensor and exterior (co)algebras are Z2 × Z-
bigraded algebras. We shall encounter two different inner products on Z2 × Z,
the usual inner product given by
〈
(k¯,m), (l¯, n)
〉
= kl+mn, and the inner product〈
(k¯,m), (l¯, n)
〉
= (k +m)(l + n), which we will call the good inner product, for
reasons which will appear later. (In the formulas above, the bar stands for integers
mod 2.) We consider the two inner products as giving different gradings on T (V ).
In both gradings, a homogeneous element v of bidegree (k¯,m) will be called odd
if k + m is an odd integer. If v is an element of a Z2 × Z-graded space V then
(−1)v = (−1)|v| is the sign determined by the parity of v.
3. A∞ Algebras
Suppose V is a Z2-graded vector space, and consider the tensor coalgebra T (V ) =⊕∞
n=1 V
n. T (V ) has a natural Z2 × Z-bigrading, the bidegree of v ∈ V
n being
given by bid(v) = (|v|, n). An A∞ algebra is a vector space V with an odd map
µ ∈ Hom(T (V ), V ), in other words a sequence of maps µk : V
k → V , which satisfy
for n ≥ 1,∑
k+l=n+1
0≤j≤k−1
(−1)rµk(v1, · · · , vj , µl(vj+1, · · · , vj+l), vj+l+1, · · · , vn) = 0, (1)
where r = l(v1 + · · ·+ vj) + j(l − 1) + (k − 1)l. An A∞ algebra may be seen as a
generalization of an associative algebra, and in particular, if µ consists only of an
µ2 part, then it is an associative algebra. To explain the origin of the signs above
consider the complex, C(V ) = Hom(T (V ), V ) with the usual Z2 × Z-grading. The
bigrading on C(V ) is given by bid(ϕ) = (|ϕ|, k − 1) for ϕ ∈ Ck(V ) = Hom(V k, V ).
There is a natural isomorphism C(V ) ∼= Coder(T (V )), the Z2 × Z-graded coderiva-
tions of T (V ). Since Coder(T (V )) is a graded Lie algebra with respect to the usual
Z2 × Z-grading, C(V ) has a Lie bracket, which is given by
[ϕ, ψ](v1, · · · , vn) =∑
0≤j≤k−1
(−1)rϕ(v1, · · · , vj , ψ(vj+1, · · · , vj+l), vj+l+1, · · · , vn)
−(−1)ϕψ+(k−1)(l−1)
∑
0≤j≤l−1
(−1)sψ(v1, · · · , vj , ϕ(vj+1, · · · , vj+l), vj+l+1, · · · , vn).
(2)
for ϕ ∈ Ck(V ), ψ ∈ Cl(V ), where n = k + l − 1, r = ψ(v1 + · · · vj) + j(l − 1) and
s = ϕ(v1 + · · · + vj) + j(k − 1). This bracket is called the Gerstenhaber bracket.
Lie algebras with the usual Z2 × Z-grading have some undesirable properties, but
there is a procedure for modifying the bracket which transforms a Lie algebra with
the usual Z2 × Z-grading into a Lie algebra with the good Z2 × Z-grading. The
modified Gerstenhaber bracket is defined by
{ϕ, ψ} = (−1)(k−1)ψ[ϕ, ψ].
An A∞ structure is determined by an odd element µ satisfying {µ, µ} = 0. This
definition is equivalent to the relations given by equation (1). Then δ(ϕ) = {µ, ϕ}
defines a differential on Hom(T (V ), V ) and gives it a DGLA (Differential Graded
Lie Algebra) structure. The property that δ2 = 0 follows from the Jacobi identity.
This property is what makes the good grading behave better than the usual one.
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We shall call µ the codifferential determining the A∞ structure on V , although it
is not precisely a codifferential, since it is given by the vanishing of the modified
bracket, rather than the bracket of coderivations.
4. L∞ Algebras
To define an L∞ algebra, we begin with the exterior coalgebra
∧
V of a Z2-graded
vector space V . With respect to the usual Z2 × Z-grading,
∧
V is a cocommutative
coalgebra. For v1∧· · ·∧vn ∈
∧
V and any permutation σ, ǫ(σ; v1, · · · , vn) is defined
by the equation
v1 ∧ · · · ∧ vn = (−1)
σǫ(σ; v1, · · · , vn)vσ(1) ∧ · · · ∧ vσ(n), (3)
where (−1)σ is the sign of the permutation σ. For ease of notation, ǫ(σ; v1, · · · , vn)
will be denoted by ǫ(σ). An L∞ algebra is given by an odd map l ∈ C(V ) =
Hom(
∧
V, V ), that is, with a sequence of maps lk :
∧k V → V , with |lk| = k, which
satisfy ∑
k+l=n+1
σ∈Sh(k,n−k)
(−1)σǫ(σ)(−1)(k−1)lll(lk(vσ(1), · · · , vσ(k)), vσ(k+1), · · · , vσ(n)) = 0
(4)
for n ≥ 1. The set of relations above will be referred to as the generalized Jacobi
identity. This structure is also called a homotopy Lie algebra and may be viewed
as a generalization of a Lie algebra as follows. If lk = 0 for k > 2 then V has a
DGLA structure with differential l1 and bracket given by l2. This generalization was
motivated by deformation theory [14] and has applications in quantum mechanics
and string theory [2, 20, 21].
The bigrading on C(V ) is given by bid(ϕ) = (|ϕ|, k − 1) for ϕ ∈ Ck(V ) =
Hom(V k, V ). There is a natural isomorphism C(V ) ∼= Coder(
∧
V ), equipping it
with a Z2 × Z-graded Lie bracket defined by
[ϕ, ψ](v1, · · · , vn) =∑
σ∈Sh(l,k−1)
(−1)σǫ(σ)ϕ(ψ(vσ(1), · · · , vσ(l)), vσ(l+1), · · · , vσ(n))
−(−1)ψϕ+(k−1)(l−1)
∑
σ∈Sh(k,l−1)
(−1)σǫ(σ)ψϕ(vσ(1), · · · , vσ(k)), vσ(k+1), · · · , vσ(n)),
(5)
ϕ ∈ Hom(
∧k
(V ), V ), ψ ∈ Hom(
∧l
V, V ), and v1, · · · , vn ∈ V , where k + l = n+ 1.
This bracket is simply the bracket of ϕ and ψ as coderivations with respect to the
usual Z2 × Z-grading. As in the A∞ algebra case, a modified bracket is defined by
{ϕ, ψ} = (−1)(k−1)ψ[ϕ, ψ]. (6)
The modified bracket gives C(V ) the structure of a Z2 × Z-graded Lie Algebra
with respect to the good inner product on Z2 × Z. Then equation (4) is simply the
property that {l, l} = 0. As before, we define a differential on C(V ) by δ(ϕ) = {l, φ}.
Thus C(V ) inherits the structure of a DGLA. We shall call l the codifferential
determining the L∞ structure on V . In this fashion, we say that A∞ and L∞
structures are determined by codifferentials, although this is not precisely true.
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5. Definition of Massey F-Products
Let L be a DGLA with commutator µ : L ⊗ L→ L, µ(u, v) = [u, v], and differ-
ential δ : L → L. Denote the cohomology of L with respect to δ by H =
⊕
iH
i.
Let F be a graded cocommutative coassociative coalgebra with comultiplication
operator ∆: F → F ⊗F . Suppose also that a filtration F0 ⊂ F1 ⊂ F of F is given,
such that F0 ⊂ Ker∆ and im∆ ⊂ F1⊗F1. Let a : F0 → H , b : F/F1 → H be linear
maps of degree 1. We say that b is contained in the Massey F -product of a if there
exists a degree 1 linear mapping α : F1 → L satisfying the condition
δ ◦ α = µ ◦ (α⊗ α) ◦∆, (7)
and such that the diagrams
F0
F0
α|F0−−−−→
a
−−−−→
Ker δypi ,
H
F
F/F1 H
Ker δ
µ◦(α⊗α)◦∆
−−−−−−−−−→
b
−−−−−−−−→
ypi ypi
are commutative, where the vertical maps labeled π denote the projections of each
space onto the quotient space.
Note that from (7) it follows that α(F0) ⊂ Ker δ and µ ◦ (α⊗α) ◦∆(F ) ⊂ Ker δ,
making upper horizontal maps of the diagrams well-defined (see [4]).
In the case that F1 = F , b does not need to be specified and a is said to satisfy
the condition of triviality of Massey F-products if such an α exists.
6. Graded Lie Algebra Deformations
Massey F-Products arise in the deformation theory of graded Lie algebras in the
following fashion. Let V be a Z2-graded Lie algebra over k with bracket l(v1, v2) =
[v1, v2]. A formal deformation of V may be defined as a power series
[g, h]t = [g, h] +
∞∑
p=1
tp(γp(g, h) + θβp(g, h)), (8)
where t is an even parameter and θ is an odd parameter. In order for the new
bracket to be bilinear and antisymmetric each γi and βi must be bilinear and
antisymmetric, thus γi and βi are cochains in the cohomology of V . The bracket
of cochains, ϕ ∈ Ck(V ), ψ ∈ Cl(V ), is given by
[ϕ, ψ](v1, · · · , vn) =∑
σ∈Sh(l,k−1)
(−1)σǫ(σ)ϕ(ψ(vσ(1), · · · , vσ(l)), vσ(l+1), · · · , vσ(n))
− (−1)r
∑
σ∈Sh(k,l−1)
(−1)σǫ(σ)ψ(ϕ(vσ(1), · · · , vσ(k)), vσ(k+1), · · · , vσ(n)), (9)
where r = ϕψ + (k − 1)(l − 1) and k + l = n + 1. Defining a differential on C(V )
by δϕ = [l, ϕ] for any ϕ ∈ C(V ) gives a DGLA structure on C(V ). Using this
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structure, the deformed bracket satisfies the graded Jacobi identity precisely when
δγp = −
1
2
p−1∑
i=1
[γi, γp−i] (10)
δβp = −
1
2
p−1∑
i=1
[βi, γp−i] + [γi, βp−i]. (11)
For p = 1, the sums in (10) and (11) are empty so γ1 and β1 are cocycles representing
certain cohomology classes. The question of interest is, when does a deformation
(8) exist with γ1 ∈ c, β1 ∈ b representing two given cohomology classes, c and b?
Such a deformation exists when a satisfies the condition of triviality of Massey
F-products where
F = span{e1, e2, · · · ; f1, f2, · · · },
F0 = span{e
1, f1},
F1 = F,
bid ei = (0, 0), bid f i = (1, 0),
∆ek = −
1
2
k−i∑
i=1
ei ⊗ ek−i,
∆fk = −
1
2
k−i∑
i=1
f i ⊗ ek−i + ei ⊗ fk−i,
a(e1) = c, a(f1) = b.
Let G be the dual algebra to F , with basis ek, fk. Then G is a commutative algebra
with structure given by multiplication
ekel = −
1
2
ek+l, ekfl = −
1
2
fk+l, fkfl = 0.
If we let t = e1 and θ = f1 then ek = (−2)
k−1tk, fl = (−2)
k−2tk−2θ, and θ2 = 0.
In this form, G is the maximal ideal in k[[t, θ]]/θ2, and F ∗0 = G/G
2.
7. Deformations of A∞ and L∞ Algebras
A formal deformation of an L∞ or A∞ algebra V with codifferential d is given
by
dt =
∞∑
i=0
ti(γi + θβi) (12)
with the property that {dt, dt} = 0. Here γi, βi are cochains in C(V ), θ is an odd
parameter, α0 = d denotes the original codifferential determining the structure on
V , and β0 = 0. The property {dt, dt} = 0 holds exactly when, for all p,
δγp = −
1
2
p−1∑
i=1
{γi, γp−i} (13)
δβp =
1
2
p−1∑
i=1
{βi, γp−i} − {γi, βp−i} . (14)
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This gives us the same coalgebra structure as the graded Lie algebra case (the
apparent sign differences work out because of the change in the bracket being used).
8. Lie and Associative Algebra Case
The cochains γi and βi may be written as infinite sums γi =
∑∞
m=1 ϕi,m and
βi =
∑∞
m=1 ψi,m, where bid(ϕi,m) = (m,m− 1), and bid(ψi,m) = (m − 1,m− 1).
In the case of deforming a Lie algebra into an L∞ algebra or an associative algebra
into an A∞ algebra ϕ0,j = 0 for j 6= 2, so equations (13) and (14) may be broken
down into conditions on the ϕ and ψ as follows:
δϕp,q = −
1
2
p−1∑
i=1
q+1∑
j=1
{ϕi,j , ϕp−i,q+2−j}
δψp,q =
1
2
p−1∑
i=1
q+1∑
j=1
{ψi,j , ϕp−i,q+2−j} − {ϕi,j , ψp−i,q+2−j} .
Given sequences ci and bi of cohomology classes a deformation (12) with ϕ1,i ∈ ci
and ψ1,i ∈ bi exists if and only if a satisfies the condition of triviality for the
following Massey F-product:
F = span
{
ei,j , f i,j
}
i≥1,i+j≥2
F0 = span
{
ei,j , f i,j
}
i≤1
F1 = F
bid ei,j = (j, j − 2), bid f i,j = (j − 1, j − 2)
∆ep,q = −
1
2
p−1∑
i=1
q+1∑
j=1
ei,j ⊗ ep−i,q+2−j
∆fp,q = −
1
2
p−1∑
i=1
q+1∑
j=1
f i,j ⊗ ep−i,q+2−j + ei,j ⊗ fp−i,q+2−j
a(ei,j) =
{
cj i = 1
0 i < 1
a(f i,j) =
{
bj i = 1
0 i < 1
.
The dual algebra G is spanned by {ei,j, fi,j}i≥1,i+j≥2, and the multiplication in
G is defined by the formulas
ei,kej,l = −
1
2
ei+j,k+l−2, fi,kej,l = −
1
2
fi+j,k+l−2. fi,kfj,l = 0
If we let ti = e1,i, ui = f1,i then G is the algebra generated by {ti, ui}i≥1, with the
relations uiuj = 0, titj = tktl if i+ j = k + l, and tiuj = tkul if i+ j = k + l.
9. Algebraic Deformation Theory
The discussion below holds for both L∞ and A∞ algebras and the term infinity
algebra will be used to refer to either one. Let S be a graded commutative k-algebra
with identity, containing a distinguished maximal ideal m ⊂ S such that S/m ∼= k.
Let ε : S → S/m = k be the projection with ε(1) = 1. Let V be an infinity algebra
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over the field k, with codifferential d. Then V ⊗S is an S-module and a deformation
of V with base S is defined to be an infinity algebra structure over S on V ⊗S, with
the condition that 1⊗ε : V ⊗S → V ⊗k = V is an infinity algebra homomorphism.
Suppose that S is finite-dimensional and we have a series τ =
∑
τn of S-linear
maps τn :
∧n
(V ⊗ S)→ V ⊗ S which satisfy the condition that 1⊗ ε is an infinity
algebra homomorphism, that is
(1⊗ ε)τn(v1 ⊗ s1, · · · , vn ⊗ sn) = dn(v1, · · · , vn)ε(s1 · · · sn) (15)
for any v1, · · · , vn ∈ V, s1, · · · , sn ∈ S. Here, by homomorphism, we are not implying
that τ actually satisfies the codifferential condition. Then a linear map α : m∗ →
C(V ) can be defined by
α(ϕ)(v1, · · · , vk) = (1⊗ ϕ)(τk(v1 ⊗ 1, · · · , vk ⊗ 1)− dk(v1, · · · , vk))
(16)
for any linear functional ϕ ∈ m∗. With this definition τ and α determine each
other. Let F = m∗, ∆ be the comultiplication in F dual to the multiplication in
m, and F0 = (m/m
2)∗. F0 may be considered naturally as a subset of F and in this
sense F0 ⊂ Ker∆. We will show that if τ is a codifferential, providing V
⊗
S with
structure of an infinity algebra, then δ ◦ α+ 12µ ◦ (α⊗ α) ◦∆ = 0, so the map
a : F0
α
−→Ker δ
pi
−→H(V ) (17)
is well-defined. In this case, a is called the differential of the deformation τ . An
infinitesimal deformation of g with base S is defined to be any linear map F0 →
H(V ). We will use proposition 1 below to show
Theorem 1. An infinitesimal deformation a : F0 → H(V ) is the differential of
some deformation with base S if and only if − 12a satisfies the condition of triviality
of Massey F -products.
Proposition 1. The operator τ satisfies the infinity algebra structure equation if
and only if α satisfies the Maurer-Cartan equation
δ ◦ α+
1
2
µ ◦ (α⊗ α) ◦∆ = 0.
proof: (L∞Algebra Case) Let {mi} be a (homogeneous) basis of m and let {m
i}
be the dual basis of F. Suppose mimj =
∑
k c
k
ijmk. Then the comultiplication is
given by ∆mk =
∑
i,j (−1)
mimjckij(m
i ⊗mj). Also for some βin ∈ C
n(V ), we
have τn(v1 ⊗ 1, · · · , vn ⊗ 1) = ln(v1, · · · , vn) +
∑
i β
i
n(v1, · · · , vn) ⊗ mi. Thus for
v1, · · · , vn ∈ V , and n = k + l − 1,
τk(τl(v1, · · · , vl), vl+1, · · · , vn)
=τk
(
ll(v1, · · · , vl) +
∑
i
βil (v1, · · · , vl)⊗mi, vl+1, · · · , vn
)
=τk(ll(v1, · · · , vl), vl+1, · · · , vn)
+
∑
i
(−1)mi(vl+1+···+vn)τk(β
i
l (v1, · · · , vl), vl+1, · · · , vn)⊗mi
=lk(ll(v1, · · · , vl), vl+1, · · · , vn)
+
∑
i
βik(ll(v1, · · · , vl), vl+1, · · · , vn)⊗mi
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+
∑
i
(−1)mi(vl+1+···+vn)lk(β
i
l (v1, · · · , vl), vl+1, · · · , vn)⊗mi
+
∑
r,s
(−1)ms(vl+1+···+vn)βrk(β
s
l (v1, · · · , vl), vl+1, · · · , vn)⊗mrms
=lk(ll(v1, · · · , vl), vl+1, · · · , vn)
+
∑
i
βik(ll(v1, · · · , vl), vl+1, · · · , vn)⊗mi
+
∑
i
(−1)mi(vl+1+···+vn)lk(β
i
l (v1, · · · , vl), vl+1, · · · , vn)⊗mi
+
∑
i,r,s
(−1)ms(vl+1+···vn)cirsβ
r
k(β
s
l (v1, · · · , vl), vl+1, · · · , vn)⊗mi
If we use the notation αk(m
i) = αik then
βik(v1, · · · , vk) = (−1)
mi(k+1+v1+···+vk)αik(v1, · · · , vk).
Substituting this into the previous expression yields
lk(ll(v1, · · · , vl), vl+1, · · · , vn) +
∑
i
(−1)mi(n+v1+···+vn)Mi(v1, · · · , vn)⊗mi,
where
Mi(v1, · · · , vn) = α
i
k(ll(v1, · · · , vl), vl+1, · · · , vn)
+ (−1)kmi lk(α
i
l(v1, · · · , vl), vl+1, · · · , vn)
+
∑
r,s
cirs(−1)
mrms+kmsαrk(α
s
l (v1, · · · , vl), vl+1, · · · , vn).
The requirement for τ to be a codifferential is that {τ, τ} = 0 or equivalently,∑
k+l=n+1
{τk, τl} = 0, for all n. Since (−1)
kl+(k+1)(l+1)+(k−1)l = (−1)(l−1)k we have
{τk, τl}(v1, · · · , vn) =∑
σ∈Sh(l,k−1)
(−1)σǫ(σ)(−1)(k−1)lτk(τl(vσ(1), · · · , vσ(l)), vσ(l+1), · · · , vσ(n))
+
∑
σ∈Sh(k,l−1)
(−1)σǫ(σ)(−1)(l−1)kτl(τk(vσ(1), · · · , vσ(k)), vσ(k+1), · · · , vσ(n)),
so
{τk, τl}+ {τl, τk}
= 2
∑
σ∈Sh(l,k−1)
(−1)σǫ(σ)(−1)(k−1)lτk(τl(vσ(1), · · · , vσ(l)), vσ(l+1), · · · , vσ(n)).
(18)
Because of this fact, τ gives an L∞ algebra structure exactly when∑
k+l=n+1
σ∈Sh(l,k−1)
(−1)σǫ(σ)(−1)(k−1)l
(
lk(ll(v1, · · · , vl), vl+1, · · · , vn)
+
∑
i
(−1)mi(n+v1+···+vn)Mi(v1, · · · , vn)⊗mi
)
= 0.
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Since the first term is zero by the generalized Jacobi identity and {mi} is a basis,
this is the same as requiring∑
k+l=n+1
σ∈Sh(l,k−1)
(−1)(k−1)l(−1)σǫ(σ)Mi(vσ(1), · · · , vσ(n)) = 0,
for all i and n.
Looking at the terms in the Maurer-Cartan equation,
δ ◦ α(mi) = δ ◦ αi = {l, αi} =
∑
k,l
{lk, α
i
l}.
Thus
δ ◦ α(mi)(v1, · · · , vn) =
∑
k+l=n+1
{lk, α
i
l}(v1, · · · , vn)
=
∑
k+l=n+1
σ∈Sh(l,k−1)
(−1)σǫ(σ)(−1)(k−1)(l+mi)lk
(
αil(vσ(1), · · · , vσ(l)), vσ(l+1), · · · , vσ(n)
)
+
∑
k+l=n+1
σ∈Sh(k,l−1)
(−1)σǫ(σ)(−1)(l+1)k+miαil
(
lk(vσ(1), · · · , vσ(k)), vσ(k+1), · · · , vσ(n)
)
and
1
2
µ ◦ (α ⊗ α) ◦∆(mi) =
1
2
∑
r,s
(−1)mrmscirsµ ◦ (α ⊗ α)(m
r ⊗ms)
=
1
2
∑
r,s,k,l
(−1)mrms+mrcirsµ ◦ (α
r
k ⊗ α
s
l )
=
1
2
∑
r,s,k,l
(−1)mr(ms+1)cirs{α
r
k, α
s
l }
so, by an identity similar to (18),
1
2
µ ◦ (α⊗ α) ◦∆(mi)(v1, · · · , vn)
=
1
2
∑
r,s
k+l=n+1
(−1)mr(ms+1)cirs{α
r
k, α
s
l }(v1, · · · , vn)
=
∑
r,s
k+l=n+1
σ∈Sh(l,k−1)
(−1)σǫ(σ)cirs(−1)
mr(ms+1)+(k−1)(l+ms)
×αrk(α
s
l (vσ(1), · · · , vσ(l)), vσ(l+1), · · · , vσ(n))
Putting the pieces together,
(δ ◦ α+
1
2
µ ◦ (α⊗ α) ◦∆)(mi)(v1, · · · , vn)
=
∑
σ∈Sh(l,k−1)
(−1)σǫ(σ)Mi(vσ(1), · · · , vσ(n)).
Hence the proposition is proved for L∞ algebras.
proof: (A∞ Algebra Case) Let {mi} be a (homogeneous) basis of m and let
{mi} be the dual basis of F. Suppose that mimj =
∑
k
ckijmk. Then ∆m
k =
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i,j
(−1)mimjckij(m
i ⊗mj). Also for v1, · · · , vn ∈ V ,
τn(v1 ⊗ 1, · · · , vn ⊗ 1) = µn(v1, · · · , vn) +
∑
i
βin(v1, · · · , vn)⊗mi,
for some βin ∈ C
n(V ).
Thus for v1, · · · , vn ∈ V , any j, and k + l − 1 = n,
τk(v1, · · · , vj−1, τl(vj+1, · · · , vj+l), vj+l+1, · · · , vn)
=τk
(
v1, · · · , vj , µl(vj+1, · · · , vj+l) +
∑
i
βil (vj+1, · · · , vj+l)⊗mi, vj+l+1, · · · , vn
)
=µk(v1, · · · , vj , µl(vj+1, · · · , vj+l), vj+l+1, · · · , vn)
+
∑
i
βik(v1, · · · , vj , µl(vj+1, · · · , vj+l), vj+l+1, · · · , vn)⊗mi
+
∑
i
(−1)mixµk(v1, · · · , vj , β
i
l (vj+1, · · · , vj+l), vj+l+1, · · · , vn)⊗mi
+
∑
r,s
(−1)msxβrk(v1, · · · , vj , β
s
l (vj+1, · · · , vj+l), vj+l+1, · · · , vn)⊗mrms
=µk(v1, · · · , vj , µl(vj+1, · · · , vj+l), vj+l+1, · · · , vn)
+
∑
i
βik(v1, · · · , vj , µl(vj+1, · · · , vj+l), vj+l+1, · · · , vn)⊗mi
+
∑
i
(−1)mixµk(v1, · · · , vj , β
i
l (vj+1, · · · , vj+l), vj+l+1, · · · , vn)⊗mi
+
∑
r,s
(−1)msxcirsβ
r
k(v1, · · · , vj , β
s
l (vj+1, · · · , vj+l), vj+l+1, · · · , vn)⊗mi
where x = vj+l+1 + · · ·+ vn.
As before, if we use the notation αk(m
i) = αik then
βik(v1, · · · , vk) = (−1)
mi(k+1+v1+···+vk)αik(v1, · · · , vk)
and substituting this into the previous expression yields
µk(v1, · · · , vj , µl(vj+1, · · · , vj+l), vj+l+1, · · · , vn)
+
∑
i
(−1)mi(n+v1+···+vn)Mi(v1, · · · , vn)⊗mi,
where
Mi(v1, · · · , vn)
=αik(v1, · · · , vj , µl(vj+1, · · · , vj+l), vj+l+1, · · · , vn)
+ (−1)mi(k+v1+···+vj−1)µk(v1, · · · , vj , α
i
l(vj+1, · · · , vj+l), vj+l+1, · · · , vn)
+
∑
r,s
cirs(−1)
xαrk(v1, · · · , vj , α
s
l (vj+1, · · · , vj+l), vj+l+1, · · · , vn),
where x = ms(mr+k+v1+· · ·+vj−1). The requirement for τ to be a codifferential is
that {τ, τ} = 0 or equivalently,
∑
k+l=n+1
{τk, τl} = 0, for all n. By reasoning similar
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to (18) this may be expressed as∑
1≤j≤k
(−1)xτk(v1, · · · , vj , τl(vj+1, · · · , vj+l), vj+l+1, · · · , vn) = 0,
where x = l(k + v1 + · · ·+ vj−1) + j(l − 1), or,∑
k+l=n+1
1≤j≤k
(−1)x
(
(µk(v1, · · · , vj , µl(vj+1, · · · , vj+l), vj+l+1, · · · , vn)
+
∑
i
(−1)mi(n+v1+···+vn)Mi(v1, · · · , vn)⊗mi
)
= 0,
where x = l(k + v1 + · · · + vj−1) + j(l − 1). The first term is zero because of the
A∞ algebra structure on V and since {m
i} is a basis, this may be written as,∑
k+l=n+1
1≤j≤k
(−1)(k−1)l+l(v1+···+vj−1)+(j−1)(l−1)Mi(v1, · · · , vn) = 0,
for all i and n.
From the Maurer-Cartan equation we have
δ ◦ α(mi)(v1, · · · , vn)
=
∑
k+l=n+1
{µk, α
i
l}(v1, · · · , vn)
=
∑
k+l=n+1
1≤j≤k
(−1)x
(
µk(v1, · · · , vj , α
i
l(vj+1, · · · , vj+l), vj+l+1, · · · , vn)
+ (−1)y αik(v1, · · · , vj , µl(vj+1, · · · , vj+l), vj+l+1, · · · , vn)
)
,
where x = (l+mi)(k+v1+ · · ·+vj−1)+j(l−1)+mi+1, y = mi(k+v1+ · · ·+vj−1),
and
1
2
ν ◦ (α⊗ α) ◦∆(mi)(v1, · · · ,vn)
=
1
2
∑
r,s
k+l=n+1
(− 1)mr(ms+1)cirs{α
r
k, α
s
l }(v1, · · · , vn)
=
∑
r,s
k+l=n+1
1≤j≤k
cirs(−1)
mrms+k(l+mr)+(l+ms)(v1+···vj−1)+j(l−1)
× αrk(v1, · · · , vj , α
s
l (vj+1, · · · , vj+l), vj+l+1, · · · , vn).
Together we have,
(δ ◦ α+
1
2
ν ◦ (α ⊗ α) ◦∆)(mi)(v1, · · · , vn)
=
∑
k+l=n+1
1≤j≤k
(−1)(k−1)l+l(v1+···+vj−1)+(j−1)(l−1)Mi(v1, · · · , vn).
Thus the proposition is proved for A∞ algebras.
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10. Conclusion
When the examples of Massey F-products in [4] were gathered together, the
examples which we present here were known to the authors, but it was decided
that the extra definitions necessary to appreciate the deformation theory of infinity
algebras merited a separate treatment. At the same time, we did not know how to
extend the notion of deformation of algebras with a base to infinity algebras. When
we discovered how to do this, we decided that the combination of results might be
interesting, and so we have collected them in this article. We would like to take
this opportunity to thank Dmitry Fuchs, who encouraged us to write this paper,
and who offered some insightful remarks.
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